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Partial Differential Equations (PDEs)

A partial differential equation (PDE) is an equation involving one or more

partial derivatives of an (unknown) function, call it u. Usually one of these deals with

time t and the remaining with space (spatial variable(s)).

TheThe mostmost importantimportant PDEsPDEs areare::

- The wave equations that can model the vibrating string and the vibrating

membrane,

-The heat equation for temperature in a bar or wire, and

-The Laplace equation for electrostatic potentials.



1433/03/28

4

Zanjan University Zanjan University Zanjan University Zanjan University Zanjan University

Zanjan University Zanjan University Zanjan University Zanjan University Zanjan University

Zanjan University Zanjan University Zanjan University Zanjan University Zanjan University

Partial Differential Equations (PDEs)

The order of the highest derivative is called the order of the PDE. Just as was the

case for ODEs, second-order PDEs will be the most important ones in

applications.

Just as for ordinary differential equations (ODEs) we say that a PDE is linear if it is of the firstfirst

degreedegree inin thethe unknownunknown functionfunction uu andand itsits partialpartial derivativesderivatives.Otherwise we call it nonlinear.

We call a linear PDE homogeneoushomogeneous if each of its terms contains either u or one of its partial

derivatives.Otherwise we call the equation nonnon--homogeneoushomogeneous.
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Partial Differential Equations (PDEs)

A solution of a PDE in some region R of the space of the independent variables is a function

that has all the partial derivatives appearing in the PDE in some domain D containing R, and satisfies

the PDE everywhere in R.

Often one merely requires that the function is continuous on the boundary of R, has

those derivatives in the interior of R, and satisfies the PDE in the interior of R.

For example, the functions:
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Partial Differential Equations (PDEs)

In this section we model a vibrating string, which will lead to our first important

PDE, that is, equation (3) which will then be solved in the next section.

TheThe studentstudent shouldshould paypay veryvery closeclose attentionattention toto thisthis delicatedelicate modelingmodeling processprocess andand detaileddetailed

derivationderivation startingstarting fromfrom scratch,scratch, asas thethe skillsskills learnedlearned cancan bebe appliedapplied toto modelingmodeling otherother

phenomenaphenomena inin generalgeneral andand inin particularparticular toto modelingmodeling aa vibratingvibrating membranemembrane..
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Partial Differential Equations (PDEs)

We want to derive the PDE modeling small transverse vibrations of an elastic string, such

as a violin string.

We place the string along the x-axis, stretch it to length L, and fasten it at the ends X=0 and

X=L.

We then distort the string, and at some instant, call it t=0 we release it and allow it to

vibrate. The problem is to determine the vibrations of the string, that is, to find its

deflection u(x,t) at any point x and at any time t>=0.

see Fig. 286.

Problem definition:
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Partial Differential Equations (PDEs)

To obtain the PDE, we consider the forces acting on a small portion of the string (Fig. 286)

Since the string offers no resistance to bending, the tension is tangential to the curve of the string at 
each point.
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Partial Differential Equations (PDEs)

There is no motion in the horizontal direction.
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We know:
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This is called the one-dimensional wave equation. We see that it is homogeneous and of the
second order.
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initial deflection initial velocity
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Partial Differential Equations (PDEs)
We shall do this in three steps, as follows:
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Partial Differential Equations (PDEs)

In the method of separating variables, or product method, we determine solutions of the wave 
equation (1) of the form:

By inserting this into the wave equation (1) we have:
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the left side depending only on t and the right side only on x. 
Hence both sides must be constant.
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We now determine solutions F and G of (5) and (6) so that u=FG satisfies the boundary
conditions (2), that is,
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Hence we are left with

Then (5) becomes:
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Partial Differential Equations (PDEs)

These functions are called the eigenfunctions, or characteristic functions
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Partial Differential Equations (PDEs)

Each un represents a harmonic motion having the frequency
Discussion: 

This motion is called the nth normal mode of the string.

The first normal mode is known as the fundamental mode (n=1), and the others are known as 
overtones.
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Partial Differential Equations (PDEs)

Tuning:
Tuning is done by changing the tension T.
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Partial Differential Equations (PDEs)

The eigenfunctions (11) satisfy the wave equation (1) and the boundary conditions (2) (string

fixed at the ends). A single will generally not satisfy the initial conditions (3).

From Fundamental Theorem 1:
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Partial Differential Equations (PDEs)

For the sake of simplicity we consider only the case when the initial velocity g(x) is identically zero. 

Then Bn* = 0, thus we get:

We know:
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We can write as:
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Partial Differential Equations (PDEs)

we see that the Bn are as:
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