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(Lecture # 11)

Instructor:
Dr. Farhad Bayat

Zanjan University

Email: bayat.fathad@gmail.com

Partial Differential Equations (PDEs)

e 8l

"I\W/Iiodeling: Membrane,
Two-Dimensional Wave Equation

Physical Assumptions

1. The mass of the membrane per unit area is constant
(“homogeneous membrane”).

2. The membrane is stretched and then fixed along its entire
boundary in the xy-plane.

3. The deflection u(x,y,t) of the membrane during the motion is small
compared to the size of the membrane, and all angles of

inclination are small.
Lecturer: Dr Farhad Bayat, University of Zanjan. y
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Partial Differential Equations (PDEs)
Remark: T
The tension T is the force per unit length.

Membrane

These components along the right side and v +24»

the left side are (Fig. 301), respectively, y
T Ay sin B and —TAy sin a.
T'Aysin 3
TAy
_ L
p 1
TAy 1
—T Ay sin a.
i i
1‘: x +‘A.\:

2

N i g 301 Vibrating membrane ganjan. ./

Partial Differential Equations (PDEs)
'Remark: : =
Since the angles are small, then: Sin @ = lan a

sin 3 ~ tan 3

b

0 TAy(sin 8 — sina) = TAy(tan 8 — lan «)

= TAy|uy(x + Ax, v1) — uz(x, vo)l

where: v; and vy, are values between vy and y + Ay.

Similarly, the resultant of the vertical components of the forces acting on the

other two sides of the portion is:

(2)

T Ax[uy (xy, vy + Ay) — uylxa, v)]

where: x; and x5 are values between x and x + Ax.

Lecturer: Dr Farhad Bayat, Unlversity of Zanjan. y
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Partial Differential Equations (PDEs)
lNewton’s Second Law Gives the PDE of the Model. ™
M * a = F
u l l 1
pAx A-"? = TAy[ug(x + Ax. y1) — up(x. y2)]
+ TAx[uy(xq,y + Ay) — uy(xa.v)]

here p is the mass of the undeflected
membrane per unit area, and AA = AxAy

; Lecturer: Dr Farhad Bayat, University of Zanjan. y

Partial Differential Equations (PDEs)
Division by pAx Ay gives
@ _ T uglx + Ax, y1) — ug(x, yo) L Uy(x1,y + Ay) — uy(xa, y)
az P Ax Ay

If we let Ax and Ay approach zero, we obtain the PDE of the model

-2 2 2
“u of 0%u  du o T
(3) (=c(+> ==,
ot axZ  ay? P
OR
-2
U
(3" =, =7
ot

\_ This PDE is called the two-dimensional wave equation. )/
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Partial Differential Equations (PDEs) 5

e 8l

'Ii‘ectangular Membrane.
Double Fourier Series

The model of the vibrating membrane for obtaining the displacement u(x, v, £) of a point
(x. v) of the membrane [rom rest (i = 0) al lime { 1s

2 2 22 y
) ) ’
@ P (u N u)
ot2 ax2  gy? b
R
(2) u = 0 on the boundary
o3 X
(3a) u(x, v, 0) = flx,y) Fig. 302.
Rectangular
(3b) ug(x,y,0) = g, y). membrane

; Lecturer: Dr Farhad Bayat, University of Zanjan. y

Partial Differential Equations (PDEs) 5

Solution Steps: =
Step 1.
u(x, y. 1) = F(x. y)G(1)| s [F(x. ) = H)Q()

¥

Two ODEs for H(x) and Q(y).

Step 2.
Determine eigenfunctions u,, s, that satisfy the
boundary condition (2).

Step 3.
Determine whole solution u(x,y,t) that satisfies the

initial conditions (3a) and (3b).
Lecturer: Dr Farhad Bayat, University of Zanjan. y
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Partial Differential Equations (PDEs) [{5_

Step 1. Three ODEs From the Wave Equation (1)

e 8l

o%u

u(x, y, 1) = F(x, y)G(1) ‘ 2

ar

n2 "2

)~u " u
- "-2((2 * (2)

ox ay

Y

FG = A(FuG + Fy,G)

divide both sides by ¢?FG|

G 1
% = F(ij + Fyy)

; Lecturer: Dr Farhad Bayat, University of Zanjan. y

Partial Differential Equations (PDEs) [{5_

G 1
% = F(ij + Fyy)ﬁ

e 8l

G 1
% = F(Fm; + Fyy) = —p".

2

“time function” G(7)

4) G+ A2G = 0 | where A = cv,

“amplitude function™ F (x, y)

(5) Fap + Fyy + v?F = 0.

The PDE (5) is called the two-dimensional Helmholtz equation.
N Lecturer: Dr Farhad Bayat, University of Zanjan.
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Partial Differential Equations (PDEs)

F(x,v) = Hx)Q(y)

Fax + Fyy + V?F = 0.

=

¥

dx? dy

2 2
gliQ::—(HgJ§+wFHQ)

) 2

divide both sides by HQ

H dx?

2 2
1P )

0\ ay?

6

e 8l

; Lecturer: Dr Farhad Bayat, University of Zanjan. y

Partial Differential Equations (PDEs)

[

2 2
1dH=_1GQ+

sz)

H dx? 0\ ay?
2 2
gﬂzgggﬂﬂzﬁ_
H dx?® O\ dy?
PH
+ k?H =
(6) A2
and
2
Q
) < =17 — k7
Mwm _
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Partial Differential Equations (PDEs) [ﬁ

e 8l

Step 2. Satisfying the Boundary Condition
General solutions of (6) and (7) are

2
‘;’Z+k2H=O mmm) H(x) = A cos kx + B sin kx
X
°0
— p*0 =0 | mmmp| Q(y) = Ccos py + D sin py

dy

[

Boundary Conditions: R

u(0,y)=u(a,y)=0 S
u(x,0)=u(x,b)=0 @dxu%t%=H(X)Q(YV3Ul
¥

HO)=0, Ha@=0, Q0 =0 Q@b =0.
; ecturer. Ur Farhad Bayat, University or Lanjamn. y

Partial Differential Equations (PDEs)

e 8l

H(x) = Acos kx + Bsinkx||{Q(y) = Ccos py + D sin py

H(0) = 0, H(a) = 0,

H(O) — A - O mir .
H(a) = Bsinka = 0 ‘ k=== (m integer).
¥
. MITXx
Similarly: H,,(x) = sin
Q) =0, Qb =0
: . NIy
C — O p = 12:_\- ‘ Qn('\;) = sin b- :

; Lecturer: Dr Farhad Bayat, University of Zanjan. y
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Partial Differential Equations (PDEs) [ﬁ

e 8l

We obtain:

(&) | Fyun (%, y) = Hp(X)Qp(y) = sin m:x sin ﬂ:}”

”=132s.”a n1:1,2,"',

p2 =12 — k2
| ]‘# A =cVEk? + p2

A= ¢V

k = m*rr/a} m2 2 )
- A= Apn =¢C 5 T o
p = nm/b N2 "y
Eigenvalues.

; Lecturer: Dr Farhad Bayat, University of Zanjan. y

Partial Differential Equations (PDEs) [ﬁ

e 8l

Recall “time function” ODE ( equation (4) ):

(4) A= hn = e[ I G+ A2G =0

&

A corresponding general solution of (4) is

G (1) = By €OS At + By SIN Ayt

n

(10) Uy (X, ¥, 1) = (Byy €08 Ayt + By, 8in Ayyf) sin

mix . Ry
S1 -

; Lecturer: Dr Farhad Bayat, University of Zanjan. y
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Partial Differential Equations (PDEs)

'Step 3. Solution of the Model (1), (2), (3).
Double Fourier Series

e 8l

To obtain the solutions that also satisfies initial conditions (3),
we proceed as:

ux, vy, t) = E 2 U (X, ¥, 1)
(14) : :
E 2 i COS Ayl + By, sin Ay,p,l) sin 72 sin ﬂ:—}
—1n—l a
setting 1 = 0,
hid i niy
(15) u(x,y,0) = 2 2 B sin m;” smi = f(x, y).
m=1n=1

(15) 1s called the double Fourier series of f(x, y)
Lecturer: Dr Farhad Bayat, University of Zanjan. fy

Partial Differential Equations (PDEs)

coefficients of double Fourier can be determined
as follows:

Let: % . Ny
(16) Kp(») = D, By sin -

n=1

we can write (15) in the form

flx,y) = E K, (y) sin

m=1

mirx

‘For fixed y this is the Fourier sine series of f(x, y), considered as a function of x.‘

a
(17) Ky (y) = % [ Jf(x, y) sin m;‘rx dx.

-0

; Lecturer: Dr Farhad Bayat, University of Zanjan. y
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Partial Differential Equations (PDEs)

Furthermore, (16) is the Fourier sine series of K,,,(y),

b
2 . NIy
5= | Ky sin Ty

"0

From this and (17) we obtain the generalized Euler formula

e 8l

ab
0 "0

b ~a
4 : niry
(18) By = J J £(x, v) sin 2 in - dvdy
e

; Lecturer: Dr Farhad Bayat, University of Zanjan. y

Partial Differential Equations (PDEs)

To determine the B, =)

e 8l

differentiate (14) termwise with respect to #; using (3b), we obtain

du

at

b

t=0  pm=1n=1

== 0
* . mITx . niy
- E E Bl A SIN B sin—— = g(x, y).

Then, proceeding as before, we find that the coefficients are

niy

abAyn a

4 e mMITx
(19) Bi;m = J' J g(x, y)sin sin——dx dy
a
0 "0

Solution Completed...

N Lecturer: Dr Farhad Bayat, Universlty of Zanjan. y
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EXAMPLE 2 Vibration of a Rectangular Membrane
Find the vibrations of a rectangular membrane of sides a = 4 ftand £ = 2 ft (Fig. 303) if the tension is 12.3 i,
the density 15 2.5 slug.ﬂ;’ftz (as for light rubber), the nitial velocity 1s 0, and the initial displacement is

Partial Differential Equations (PDEs)

e 8l

(20 Sl vy =004« _:.-.9‘)1'_2_\= _yp'} [
Y
2
R
4 X
Membrane Initial displacement
Fig. 305. Example 2

; Lecturer: Dr Farhad Bayat, University of Zanjan. y

Partial Differential Equations (PDEs)

e 8l

Solution. * = T/p = 12.5/2.5 = 5 [ft*/sec®]. Also By, = 0 from (19). From (18) and (20),

4 [*t 5 o . MTX | RTY
By = —— 0.1(4x — x%)(2y — y7) sin sin ——dx dy
4200
4 mwx [ ny
=— | (4x — x%) sin——dx | 2y — ¥?) sin——dy.
20 J, 4 Jo 2

Two integrations by parts give for the first integral on the right

128 ma 236
- -M =

m-ar m317

(m odd)

and for the second integral

For even m or n we get 0.

32

1= (1" =
F’J3TT3 7137T

(n odd).

; Lecturer: Dr Farhad Bayat, University of Zanjan. y
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Partial Differential Equations (PDEs)
Then we obtain:
-3 426
Byn = 256 - 32 ~ 0.426050 (m and n both odd).
20m3n37r5 m3n>
From this, (9), and (14) we obtain the answer
/s . ! ,
u(x,y, 1) = 0426050 > > ; 3 cos (\ o Vm? + 4:72) f sin i sin ny
mn odd M1 4 4 2
/3 my 37 )
20 = 0.426050<cos AELAE] tsinE sin —\ + Lcos VSTV3T i.'sinEs,in})ﬂ
4 2 27 4 4 2
| V3TVI3 | 3wy . TV | V5TVAS | 3mx | 3wy )
+ —cos fsin——sin— + —— cos tsin——sin——— + -+ |
27 4 4 2 729 4 4 2
; Lecturer: Dr Farhad Bayat, University of Zanjan. y

Partial Differential Equations (PDEs)

e 8l

MATLAB

The Language of Technical Comy

The
MATH

T

P

v ] /
; LECLUIrer: Ur rarnay Daysy, University or anjan.
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Questions? Discussion? Suggestions ?

; Lecturer: Dr Farhad Bayat, University of Zanjan. y
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