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Power Series

RESTEETE

A power series in powers of 7 — Zg 1s a series of the form

(1) > an(z — 20)" = ap + a1(z — 20) + ax(z — 20> + -
n=0

Power series have variable terms (functions of z), but if we fix z, then all the

concepts for series with constant terms in the last section apply.

\_____ Lecturer:Dr Farhad Bayat, University of Zanjan. —/

™ Complex Analysis
i SN RESTEETE
THEOREM 1 M S, ante — 20"

Convergence of a Power Series n=0

(a) Every power series (1) converges at the center z.

(b) If (1) converges at a point 7 = 71 # Zo, it converges absolutely for every z
closer to z¢ than 73, that is, |z — zg| < |z1 — zol. See Fig. 365.

(e) If (1) diverges at 7 = zs, it diverges for every z farther away from 7o than
z9. See Fig. 365.
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Fig. 365. Theroem 1
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Radius of Convergence of a Power Series

RESTEETE

power series (1) converges. Let R denote its radius. The circle

is called the circle of convergence and its radius R the radius of convergence of (1).

consider the smallest circle with center z¢ that includes all the points at which a given

lz —z0ol =R (Fig. 366)

X

Divergent

Fig. 366. Circle of convergence
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THEOREM 2

Radius of Convergence R

Suppose that the sequence |ani1/ayl,n = 1,2,---, converges with limit L*. If

LF =0, then R = = that is, the power series (1) converges for all z. If L* #0
(hence L™ > 0), then

(6) R=—% = lim

(Cauchy-Hadamard formula').
p+1

If lap+1/anl — =, then R = 0 (convergence only at the center o).
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Functions Given by Power Series

RESTEETE

o

@ f@R) = an?" = ao + a1z + apz® + -+ Izl < R).

n=0
THEOREM 1

Continuity of the Sum of a Power Series

If a function f(z) can be represented by a power series (2) with radius of convergence
R > 0, then f(z) is continuous at 7 = 0.

THEOREM 2

Identity Theorem for Power Series. Uniqueness

Let the power series ag + a7 + asz® + --- and by + bz + bez® + -+ both be
convergent for |z| < R, where R is positive, and let them both have the same sum
for all these z. Then the series are identical, that is, ag = by, a1 = by, a2 = ba, -+

Hence if a function f(z) can be represented by a power series with any center Z,
this representation is unique.

Lecturer: Dr Farhad Bayat, University of Zanjan. —/

™ Complex Analysis

THEOREM 3
Termwise Differentiation of a Power Series

EESEERTE

The derived series of a power series has the same radius of convergence as the
original series.

We call derived series of the power series (2) the power series obtained from
(2) by termwise differentiation, that is,

e =}
(3) > na, 72"t = ay + 2asz + 3agz® + -
n=1

\______ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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THEOREM 4

Termwise Integration of Power Series

The power series

ax a
=gz 4+ — 22+ —
n+1 :

oo
2
n=0

obtained by integrating the series ag + a7 + asz® + -+ term by term has the same
radius of convergence as the original series.

Power Series Represent Analytic Functions
THEOREM 5

Analytic Functions. Their Derivatives

A power series with a nonzero radius of convergence R represents an analytic
function at every point interior to its circle of convergence. The derivatives of this
function are obtained by differentiating the original series term by term. All the
series thus obtained have the same radius of convergence as the original series.
Hence, by the first statement, each of them represents an analytic function.

Lecturer: Dr Farhad Bayat, University of Zanjan.
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Summary:
-We can differentiate and integrate power series term by term

(Theorems 3 & 4).

- Theorem 5: the sum of such a series (with a positive radius of
convergence) is an analytic function and has derivatives of all
orders, which thus in turn are analytic functions.

In the next section we show that, conversely, every given analytic
function can be represented by power series, called Taylor series

and being the complex analog of the real Taylor series of calculus.

\____ Lecturer:Dr Farhad Bayat, University of Zanjan. 4
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Taylor and Maclaurin Series
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™ Complex Analysis

N B,

\
SN

The Taylor series” of a function [f(2), the complex analog of the real Taylor series is

1) f@ = anz —z0"  where a,= #f(”’)(zo)
n=1 :
or,
1 f@)
" " omi i @ — 2L

In (2) we integrate counterclockwise around a simple closed path C that contains zg in its
interior and is such that f(z) is analytic in a domain containing C and every point inside C.

|A Maclaurin series® is a Taylor series with center zg = 0.|

\______ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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The remainder of the Taylor series (1) after the term a,(z — zo)" is

(z — zo)"*? jg @
s {2t —

i Wi — %

(3) Rn(2) =

THEOREM 1
Taylor’s Theorem

Let f(z) be analytic in a domain D, and let 7 = zo be any point in D. Then there
exists precisely one Taylor series (1) with center zq that represents f(z). This
representation is valid in the largest open disk with center zo in which f(z) is analytic.
The remainders R, (z) of (1) can be represented in the form (3). The coefficients
satisfy the inequality

M

n
r

(5) lay] =

where M is the maximum of | f(z)| on a circle |z — zo| = r in D whose interior is
also in D.

Lecturer: Dr Farhad Bayat, University of Zanjan. —/

™ Complex Analysis

o B oo alkail )

Accuracy of Approximation. We can achieve any preassinged accuracy in approxi-
mating f(z) by a partial sum of (1) by choosing n large enough.

lim Ra(2) = 0.

Important Special Taylor Series
EXAMPLE 1 Geometric Series

Let f(z) = 1/(1 = 2).
®(7) = nl/(1 — "+, (n) 0) = nl.
f nt/ mp /™ 0) "% del < 1.

l 4
=3 "=14+z+22+--
n=0

(11

l—z—

‘f(z) is singular at 7 = 1; this point lies on the circle of convergence.‘
Lecturer: Dr Farhad Bayat, University of Zanjan, -
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Exponential Function
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(12)

EXAMPLE 2
J@ = e” analytic for all z,
(€)' = é~
we obtain the Maclaurin series
oo zn Z2
&= L

\_____ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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EXAMPLE 3 Trigonometric and Hyperbolic Functions

EESEERTE

n=0
= z % z
sinz = -t — +
: ,Eo‘ ST 3!

L2n

2n+1

=1 +
20 4

5 oD 2 7
cosh z = 2 = — 4+ —
g ) 21 4!
a1s) - L2n+1 3 5
sinhz = 2 —————— ar == =—
a0 2n + 1! 31 5

\______ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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EXAMPLE 4 Logarithm
From (1) it follows that
2
(16) Lﬂ(1+z)=2——+?—+"‘ (IZ‘<1)-
Replacing z by —z and multiplying both sides by —1, we get
Z2 73
(17) —Ln(1 —z) =Ln =z+?+“—+--- (zl < 1).
By adding both series we obtain
1+ 3 P
(18) D — = (z+z—+z—+---) (2| < D).
1 -2z 3 5
\_____ Lecturer:Dr Farhad Bayat, University of Zanjan. —/

Find the Maclaurin series of f(z) = 1/(1 + z2).
Solution. By substituting —z2 for z in (11) we obtain

1
(19)

Complex Analysis =
fregtrary - prropiray
Practical Methods
EXAMPLE 5 Substitution

- = (_:Z)Ta: (_l)nzzn:l_z +Z4_Zﬁ+"'
1+22 1-(=2H ,E, E‘O

(zl < 1.

EXAMPLE 6 Integration Find the Maclaurin series of f(z) = arctan z.
Solution.

fl@) = 1/(1 + 2%

Integrating (19) term by term and using f(0) = 0 we get

g D" 2n+1 2 2
arctanz = 3, ———z =g =~ —d— =l (o] < 1;
oo 2n +1 3 >
|this series represents the principal value of w=u +

iv = arctan z|
Lecturer: Dr Farhad Bayat, University of Zanjan. —/
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SUMMARY OF CHAPTER

Power Series, Taylor Series

\_____ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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A power series is of the form

() E a»n(Z_Zo)n=ao+a1(z—30)+a2(z_ ZO)2 + e
n=0

radius of convergence. | 7—2 0| < R

every analytic function f(z) can be represented by power series.

Taylor series of f(z) are of the form

@ f@=3 - fPee-20" (-2l <B)

n=0

\______ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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Laurent Series.
Residue Integration

\_____ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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Main Goal:

The main purpose of this chapter is to learn about
another powerful method for evaluating complex
integrals and certain real integrals.

It is called residue integration.
The main tool is the generalized Taylor Series, i.e.
“Laurent Series’.

Laurent series generalize Taylor series. If, in an application, we want to develop a function
f(z) in powers of z — zg when f(z) is singular at z¢ (as defined in Sec. 15.4), we cannot
use a Taylor series. Instead we can use a new kind of series, called Laurent series,'
consisting of positive integer powers of z — zg (and a constant) as well as negative integer

powers of z — zp; this is the new feature.

\______ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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Laurent’s Theorem M

Let f(z) be analytic in a domain containing two concentric circles Cy and Co with
center 7o and the annulus between them (blue in Fig. 370). Then f(z) can be

represented by the Laurent series

f@ Ean@ —zo)" + 2

n= 1(Z - ZO)

(D ao + a1z — zo) + az(z — zo)* + -+~

b
T ba

z—z0 (- zo0)f

Fig. 370. Laurent’s theorem

consisting of nonnegative and negative powers. The coefficients of this Laurent series
are given by the integrals

1 f(@®) 1 e .
i jg ﬁdzﬂi by, =— ff; z* — zo)" " f(z*) dz*,

2 =
(2) an i ;

z*F—z
taken counterclockwise around any simple closed path C that lies in the annulus
and encircles the inner circle, as in Fig. 370. [The variable of integration is denoted
by z¥# since z is used in (1).]

T T e S Ades B VOrDITy

Complex Analysis

f@) = Ean(z —zo" + 2

n_l(z—zO)
(1) = ap + ay(z — zo) + as(z — 20> + -+
by i ba

.+ 5
Tz 0 (zt )

o sl

Co until each of the two circles reaches a point where f(z) is singular.

the principal part of f(z) at z [or of that Laurent series (1)].

This series converges and represents f(z) in the enlarged open annulus obtained
from the given annulus by continuously increasing the outer circle Cy and decreasing

In the important special case that zq is the only singular point of f(z) inside Co,
this circle can be shrunk to the point 7o, giving convergence in a disk except at the
center. In this case the series (or finite sum) of the negative powers of (1) is called

\______ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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COMMENT. Obviously, instead of (1), (2) we may write (denoting by, by a_,)
1’ f@= 2 anz— 20"
where all the coefficients are now given by a single integral formula, namely,
! — L L = +1 +2 ...
2) =5 t @ — 2" dz* (n=0,%1,%2,.--).
Uniqueness.
The Laurent series of a given analytic function f(z) in its annulus of
convergence is unique. However, f(z) may have different Laurent
series in two annuli with the same center;
\_____ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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EXAMPLE 1 Use of Maclaurin Series
Find the Laurent series of 2'5 sin z with center 0.
Solution.
By (14), 0
=5 gin 7 = ii pee L1 L L 1ol =0
) TS @+ & 622 120 50407 )

Here the “annulus” of convergence is the whole complex plane without the origin and the principal part of the

series at 0 is 7% — %5_2.

\______ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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EXAMPLE 2 Substitution

Find the Laurent series of z2e/?

with center 0.

Solution.
From (12)

with z replaced by 1/z we obtain @

o sl

|
et =2 (1 +—+

cee =---2 vd —_ —_— _— ces
1z 2!12+ ) - +”+2+ ! " z * (lzl >0

a Laurent series whose principal part is an infinite series.

\_____ Lecturer:Dr Farhad Bayat, University of Zanjan. —/

Laurent Expansions in Different Concentric Annuli

Find all Laurent series of 1/(7,3 = 34) with center 0.

Solution. Multiplying by 1/z3, we get from Example 3

_'Q:] Complex Analysis
Aond; B, RESTEETE
EXAMPLE 3 Development of 1/(1 — z)
. Develop 1/(1 — z) (a) in nonnegative powers of z, (b) in negative powers of z.
Solution.
(a) l = i il (valid if |z] < 1).
I -z n=0
1 -1 - l 1 i
(b) 1—z=m=—,§3 zn“:—;—zz— = Tl Flg] 541
EXAMPLE 4

1 - 1 |
1)) —— = " Pttt L+t o<zl <,
- %z g %
1 s 1 1 1
(D 3 4=_2 ntd a4 5 (el > 1.
2 2 n=0 < Z <
\____ Lecturer: Dr Farhad Bayat, University of Zanjan. —/
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EXAMPLE 5 Use of Partial Fractions
Find all Taylor and Laurent series of f(z) = Zz__ Z3z pr with center 0.
Solution.

In terms of partial fractions,

@)= 23— —
z i

(a) and (b) in Example 3 take care of the first fraction.

For the second fraction,

1 1 s 0 .
: () R <o
e
1 1 s 2
(@ -—=- =-
22 Z(l_g) n%z”*l (Izl > 2).
2

\_____ Lecturer:Dr Farhad Bayat, University of Zanjan. —/
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(I) From (a) and (c), valid for |z| < 1 (see Fig. 371), i .
— 1 3 5 9 e -
7) = I+ ==tz =+
7 ,EO( 2”*1) 2 a7 s”

Fig. 371. Regions of convergence in Example 5

(II) From (c) and (b), valid for 1 < |z] < 2,

= 1 = | 1 1 1 | 1
fz) = 7 - =—+—z+=-Z2+ 0 ———5 -
ngo 2n+1 15) zn+1 2 4 8 z 22
(1) From (d) and (b), valid for |z| > 2,
= 1 2 3 5 9
fO=-2@+h =@ F T a"
n=0 L “ %

If f(z) in Laurent’s theorem is analytic inside Cs, the coefficients b, in (2) are zero by
Cauchy’s integral theorem, so that the Laurent series reduces to a Taylor series. Examples

3(a) and 5(I) illustrate this.

Lecturer: Dr Farhad Bayaft, University ol Zanjan. —/
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Questions? Discussion? Suggestions 7
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